Abstract. In this note we discuss a relationship between the correlation function of a harmonizable sequence and support of its spectral measure.
Introduction
Let Z denote the group of integers. The dualẐ of Z is in this paper identified with the interval [0, 2π) with addition modulo 2π.
A second-order zero-mean stochastic sequence is often viewed as a sequence {x(n), n ∈ Z} of elements of a Hilbert space H over the field of complex numbers.
The covariance function R(n, m) of x(n) is then defined as R(n, m) = (x(n), x(m)), where (·, ·) is an inner product in H. A sequence x(n), n ∈ Z, is called strongly harmonizable if there is a measure F on [0, 2π)
2 , called the spectral measure of the sequence {x(n), n ∈ Z}, such that A sequence {x(n), n ∈ Z} is periodically correlated (PC) with period T if for every p ∈ Z, the function k −→ B p (k) = R(p + k, k) is periodic with the same period T . Every PC sequence is strongly harmonizable and its spectral measure F is supported on T lines (see [1] ):
are merely almost-periodic and {x(n), n ∈ Z} is strongly harmonizable, then its spectrum is supported on lines
where Λ is the set of nonzero frequencies of sequences B p (·), p ∈ Z (see [2] ).
In both cases the location of spectral lines (that is, the set Λ) is a Borel support of measures whose Fourier transforms are sequences k −→ B p (k), p ∈ Z. The purpose of this note is to show that this phenomenon holds true for any harmonizable sequence {x(n), n ∈ Z}, namely, that a Borel support of the spectrum F of {x(n), n ∈ Z} is on parallel to the diagonal stripes determined by the common support of measures which are the inverse Fourier transforms of sequences
Theorem
In this paper, by a measure on a topological space G we will understand a finite complex σ-additive function defined on a Borel σ-algebra of G. Let µ be a measure on G and D be a Borel subset of G. We will say that µ is concentrated on D if µ(∆) = 0 for every Borel set ∆ disjoint with D (cf. [3] ).
It turns out that it is easier to work with some transformation of the spectral measure F , namely with the measure
Here and in the sequel an addition in [0, 2π) will always be understood modulo 2π. Since Ψ is a homeomorphism of [0, 2π) 2 onto itself, H is a measure.
Theorem 1. Let {x(n)
, n ∈ Z} be a strongly harmonizable sequence, F be its spectral measure, and Ψ be the function defined in (2) . Let µ p denote the measure on [0, 2π) such that
(the existence of µ p is proved below in (6)). Then for every Borel subset D of [0, 2π) the following conditions are equivalent:
Proof. From (2) it follows that for any bounded complex measurable function φ,
φ(s, s + t)H(ds, dt).
In particular (1) and (4) imply that
From Fubini's theorem we therefore conclude that the measures µ p , p ∈ Z, satisfying (3) exist and are given by
Since the Fourier transform determines a measure we conclude that
Suppose first that µ p is concentrated on D for every p ∈ Z. Then from (7) it follows that for every ∆ disjoint with D, H(E ×∆) = 0 for every E. Since rectangles determine the measure H, this implies that H is concentrated on the set [0, 2π)×D; that is,
) and for every ∆ disjoint from D. From (7) we conclude that for every p, µ p (∆) = 0 provided ∆ is disjoint from D.
Note that two different iterations of (5) give two representations of R(p + k, k):
To visualize these relations, given a sequence (a(n)) we write that
With this notation the relations (A) and (B) take the form:
. It is now clear that the behavior of the sequences R(p + k, k) with respect to k determines the support (and possibly other properties) of H(∆ 1 , ∆ 2 ) with respect to ∆ 2 , while the sequences (p → R(p + k, k)) control properties of the measures (∆ 1 → H(∆ 1 , ∆ 2 )). In particular, the relation (B ) shows that:
and Ψ(u, w) = (u, u + w) with addition modulo 2π.
Example 1. Suppose that R(p
, where δ a denotes the unit measure concentrated at {a}. Since a PC sequence is harmonizable, from Theorem 1 we conclude that F is concentrated on "lines"
One can see what measures sit on those lines by taking ∆ 2 = {2πj/T } in (A ), which gives that
Example 2. Suppose that R(n, m) = g(n)g(m), where g(n)
is the correlation function of a harmonizable sequence and 2π − a, 2π) . From Theorem 1 we conclude that F vanishes outside the strip
On the other hand, from (9) it follows that each ν k vanishes outside of [0, a], and hence F is concentrated on S h and, using the fact that F (∆ 1 , ∆ 2 ) = F (∆ 2 , ∆ 1 ), we conclude that F must be concentrated on [0, a] × [0, a] . This, of course, was clear from the beginning since F (dt, ds) = f (t)f (s)dsdt, and the example was intended just to illustrate how the theorem works in the case when F is absolutely continuous with respect to the Lebesgue measure dtds. The authors are grateful to the reviewer for suggesting this example.
Comment on harmonizability
The main assumption in Section 2 was that {x(n), n ∈ Z} is strongly harmonizable, which yielded the existence of measures µ p in (3). However, in some instances, for example if {x(n), n ∈ Z} is PC (see Example 1), the existence of these measures can be deduced from the form of the sequences R(p+k, k). The immediate question is whether or not the existence of measures µ p in (3) itself implies harmonizability of {x(n), n ∈ Z}. Following Hurd [2] one can show that the answer is affirmative if the common support of all µ p is a finite set.
Theorem 2 (cf. [2] , Proposition 3). Suppose that {x(n), n ∈ Z} is a stochastic sequence such that for every p ∈ Z there is a measure µ p satisfying
Suppose additionally that all measures µ p are concentrated on the same finite set Λ ⊂ [0, 2π) containing 0. Then the sequence {x(n), n ∈ Z} is strongly harmonizable.
We sketch the proof, referring for details to Hurd's paper [2] . First note that since R(p + k, k) = 2π 0 e −ikw µ p (dw), from Lebesgue's Theorem it follows that for every λ ∈ [0, 2π), the limit
exists and equals µ p ({λ}), if λ ∈ Λ, and 0 otherwise. We first examine the sequence µ p ({0}), p ∈ Z. Since Hence F = H • Ψ −1 is the spectral measure of {x(n), n ∈ Z}, and so x(n) is strongly harmonizable.
